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We analyse Deuling’s problem both in the one constant approximation and in the general case.
An explicit expression is found for the electric field threshold vs. the crossed applied magnetic

field, in the strong anchoring hypothesis.

1. Introduction

We analyse the behaviour of a Nematic Liquid
Crystal (NLC) with positive dielectric anisotropy,
put in a planar cell subjected to crossed electric and
magnetic field. In the hypothesis that the electric
field E is normal to the bounding walls and the
magnetic one, H, is parallel to them and perpen-
dicular to the initial molecular orientation (see
Fig. 1), it is well known [1—3] that the arising elastic
distortion presents a double threshold. i.e.:

1) If H> H., in the NLC film a twist deformation
appears;

2) If E> Ey=/f(H), also a splay-bend deforma-
tion 1s superimposed to the preceding one.

Notice that £, = E.if H = H..

The relation Ey =/ (H) has first been studied
by Deuling [4, 5] in the strong anchoring hypothesis
and for any elastic anisotropy; he found that in the
general case it is only possible to give a numerical
solution for the above mentioned problem.

In the present paper we will show a way to solve
the analytical problem in a particular region,
obtaining an explicit relation for the threshold
electric field vs. the applied magnetic field, if the
latter one 1s not far to its critical value H..

2. One constant approximation

We represent the nematic director in the form

n(r)=(icos ¢+ jsin p) cos 3 + xsin I,
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and restrict ourselves to a problem homogeneous in
the [x, v]-plane, i.e. n(r) is assumed to depend only
on the z-coordinate: =0 (z) and ¢ = ¢ (z) are the
co-azimut and the anomaly of the director, respec-
tively (see Fig. la=b—c).

In the present case Frank’s formula for the free
energy density of the NLC cell is given by

F(p, 3) = (K/2) (n/d)* {32 + ¢* cos? § — h?cos® §
. S oo i |
sin’p — e*sin® 9} , (1)

where d is the sample thickness, the walls co-
ordinates being = = * d/2; k is the elastic constant;
the dot represents the derivation with respect to
u=nz/d; h= H/H. is the reduced magnetic field;
e = E/E,. is the reduced electric field.

Obviously in the one constant hypothesis

H.= (n/d) ) K/,
X, and ¢, being the susceptivity and permittivity
anisotropy, respectively [4].

The Euler-Lagrange equations following from
the position (1) are obtained by the system

and E.= Q2n/d))nK/e,

@ = h*(sin? pyax — sin®g) .

3 = 3[h?(2sin?p — sin? ppax) — €7
near to the electric field threshold. We point out
that gmax = ¢ (0).

Moreover, if 1 2 1, i.e. if the magnetic field is not
far from its threshold, ¢ = pyax cos u is deduced.

Consequently the second equation of the system
(2) becomes

34+ 3 = (h pmax)?cos 2u] =0, (3)

which is a Sturm-Liouville equation [6].
In order to determine the threshold value of 2,
we look for a solution of (3) of the kind

o o}

S (u; homax) = 2. Fa(u) (h ouax)™" . (4)

n=0
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Fig. la. Twist arising in the planar cell due to H > H_,
B < Ey .
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Fig. Ib. Splay-bend arising in the planar cell due to
H<H. E>E.

which is surely possible, due to the Poincaré’s
theorem [7]. This solving method is similar to the
perturbative one [8]. The symmetry of the sample
with respect to the middle plane gives % (1) = % (—u),
which implies &, (u) = 9,(—u), and for the strong
anchoring conditions 3 (£ n/2) =0, i.e. $,(£n/2)=0.
Furthermore we put

=2, enlhomax)™. (5)
n=0

By substituting (4) and (5) in (3) we deduce the

following hierarchy of differential equations:

n

q 2 ¢
'Jn + Z € 'Jn~m -
m=0

S,1cos2u=0 (6)

E>Etn

Fig. 1c. Mixed distortion arising in the planar cell due to
H> H,, E>Ey.

forn=0.1,2,..., and 4_; = 0. Equations (6) solve
the proposed problem. -

In fact from (6). for n=0. we deduce: %, + ej %, = 0.
Hence

n90 = n'}o MAX COS ((’0 u). (7)

The boundary conditions give ¢, = I, that 1s the well
known threshold, when only the electric field is
applied.

Forn =1, (6) gives

G+ 3 = Yo(cos 2u—él). (8)
By taking (7) into account it is possible to rewrite
(8) as

9+ % =1 Jomax[cos 3u+ (1 — 2¢}) cos u] . 9)

The general solution of the ordinary linear differ-
ential equation (9) is of the kind

Fy=mcosu+ fsinu+ fi(u)+fr(u), (10)

where 7 and /8 are two constants and /) («) and f>(u)
are two particular solutions of (9). We take as
functions f; (i = 1. 2) the solutions of the differential



G. Barbero and A. Strigazzi - Deuling’s Transition in a Nematic Liquid Crystal 573

equations

fi + /1 =1 Jomax cos 3u (11)
and

fr=/r=1%Jomax(1=2e}) cos u (12)

[t is very easy to show that a solution of (11) is

.fi=—;—190y\1‘.\xCOS 311. (13)
while (12) yields
fr=1 Yomax(1-2eD) usinu . (14)

On the other hand, symmetry considerations give
/=0, moreover, a simple analysis shows that 2 =0
also [9]. Then it follows that the relation (10), by
substituting (11) and (12), becomes

$ =1 Jomax[—3cos 3u+ (1 —2ed) usinu]. (15)

By taking the boundary conditions % (£ n/2)=0
into account, we deduce f>=0, and then e} = 1/2.
Consequently

9 ==+ Fomax €os 3u . (16)

By operating in the same way, routine calculation
gives 3 =— 1/32 and

%5 =— - Jomax[cos 3u — +cos 5u] . (17)

By substituting the previous results into (5), the
electric field threshold is obtained as

e =1+3(hpmax)’— le (hopax)?
+ O[(hpmax)?] -

By using a Landau-development for the free energy,
in the case /1 X 1, it is easy to show that pfax = 4
(h—=1)., as well known [10]. Hence the relation
between the electric field threshold and the applied
magnetic field is given by

(18)

= 1+2x(1 —x/4), (19)

= (h=1) being the normalized reduced
magnetic field. Equation (19) is a very simple
analytical description of the function Ey =f(H)
near the magnetic critical value H.. Such an equa-
tion is valid for 1 <A < 1.2, ie. for 250 G < H
<300 G of [4], where the considered NLC is p-n-
hexyloxybenzilidene-p-aminobenzilonitrile (HBAB)
at 75°C. But (19) is not applicable to the experi-
ment of Ref. [4], since the one constant approxima-
tion is not realistic for HBAB, presenting K,, =

0.415 K}, and Ks3=2.49 K, [4]. Nevertheless, it is
possible to show that a relation of the kind (19) is
valid also 1if the splay, twist and bend elastic
constant are different from each other, ie. if

Kl] :‘: K:j_:#: K}j.

3. Elastic anisotropy

In the general case of elastic anisotropy the
system (2) becomes, near the electric threshold,

@ = % (sin? pyax — sin?g) .
4 =3B (2 - x) sin?e
— (1 =) sinpyax] — €. (20)

where z and ff are Deuling’s parameters [3] related
to the elastic anisotropy, i.e. 2 = (K33/K») — 1 and
f=Kn/Ky.

Obviously H. and E. are in the present case
defined as

H.= (n/d) K»/y, and
E.=Qn/d)nK, /e, .
With the aim to determine the threshold electric

field £y, as a function of the crossed magnetic field
H in the region H X H., we put

L S 2
e* =" — s o[ (h pmax)”

*2=1Q—-2) B, (1)

obtaining the second equation of the system (20)
written formally as well as (3).

By applying the previous method. the threshold
electric field is given, after some rearrangements, as

eh =1+ Q2+ %) B pmax)? 22)
= ]Tlg (2= 2) B2 (h pmax)* + O[(h onax)®] -
Since piax =4 (h — 1), we get finally
e+ QR+ fxll—xQ2—a) /82 + 2)] .(23)

Such a relation generalizes (19) to the case of elastic
anisotropy: obviously (19) may be deduced as a
particular subset of (23),if x =0and f= 1.

By differentiating (23) with respect to /1, we find

(dew/dM)p=1= 2+ ) /2. (24)
This means that the slope of the curve ey, vs. /1 near

the critical value of the magnetic field is neither
zero nor infinite (1.453 for the HBAB, 1 for an



574 G. Barbero and A. Strigazzi -

y
€th
14—
HBAB
isotropic NLC
HBAB
]_2 — numerlcal_
computation
10 | N
10 1.2 h

Fig. 2. Reduced electric field at the threshold vs. reduced
magnetic field: analytical approximation for HBAB and
isotropic NLC and numerical computation for HBAB.
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